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Differential Entropy and Tiling
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This paper relates the differential entropy of a sufficiently nice probability density
function p on Euclidean n-space to the problem of tiling n-space by the translates of a
given compact symmetric convex set S with nonempty interior. The relationship
occurs via the concept of the epsilon entropy of r-space under the norm induced by S,
with probability induced by p. An expression is obtained for this entropy as e approaches
0, which equals the differential entropy of p, plus » times the logarithm of 2/e, plus the
logarithm of the reciprocal of the volume of S, plus a constant C(S) depending only
on S, plus a term approaching zero with e. The constant C(S) is called the entropic
packing constant of S; the main results of the paper concern this constant. It is shown
that C(S) is between 0 and 1; furthermore, C(S) is zero if and only if translates of
tile all of n-space.

KEY WORDS: Differential entropy; Tiling; Entropy; Close packing; Random coding;
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1. INTRODUCTION

This paper defines a constant C(S) for a compact convex symmetric set .S in Euclidian
n-space E* having nonempty interior, such that

0< i) <1

such that C(S) is a continuous function of S in a natural topology on the space of S,
and such that

C(S) = 0

if and only if translates of S tile E7, that is, if and only if £* can be covered by a union
of translates of S such that the intersection of any two such translates does not contain
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an open set. This constant C(S) is called the entropic packing of S, and is defined via
the notion of the differential entropy of a sufficiently nice density function on E™.
The differential entropy occurs as one term in an expression for the epsilon entropy
of E™under the probability distribution induced by p, with metric defined by the norm
induced by S.

We will now define these terms. First we define the notion of the epsilon
entropy H(X) of a complete separable metric space X under a probability measure u
such that the open sets of X are measurable; that is, we define the epsilon entropy of a
probabilistic metric space.’-? The entropy is defined as the infimum (actually
minimum) of the entropies of all partitions of X by sets of diameter at most €. The
entropy of a partition is defined as

Z p:log(1/p) (1)
where
p: = WUy

the probability of the ith set of the partition.
Now let p be a density function on E™ Then the differential entropy H(p) of
the density p is defined as®

| p(e0) 1ogl1/p(x)] dm(x)
where dm(x) is Lebesgue measure on E”. This integral is either finite or — oo, since

plog(l/p) < l/e

Finally, if $ is a compact convex symmetric set in £ with nonempty interior,
such that the origin O is its center of symmetry, then the norm

s

on E"is defined as
| x[ls = min{A > 0/x € AS}

where AS is the set of all As, s €S. Then £7 is a complete normed linear space under
|l -+ lis, and this norm is equivalent to the Euclidean one.

We are interested in the probabilistic metric space X whose point set is £®,
whose metric is induced by || --- ||s , and whose probability measure du is defined by

di = p(x) dm(x)

and p >0, [ pdm = 1.

We want an expression for H(X) valid as ¢ — 0. To do this, we need to assume
that p is nice in a sense to be made precise. Let v, be the Euclidean volume of S.
Then we prove that for all S and for a certain class of p not depending on .S, we have

H{X) = nlog(2/e) + H(p) + log(1/v)) + C(S) + o(1) @
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as € — 0, where o(1) may depend on p and S. The constant C(S) occurring in this
equation is the entropic packing constant of S; it satisfies, as we shall show,

0<CE)<1

and furthermore C(S) = 0 if and only if translates of S tile £%. We also show that
C(S) is a continuous function of S in a natural sense. The proof that C(S) << 1 relies
heavily on a random coding argument in Reference 2; except for this, our discussion
here is reasonably self-contained.

2. THE n-CUBE UNDER LEBESGUE MEASURE

This section introduces the entropic packing constant C(S) in terms of partitions
of the n-cube by measurable sets of diameter at most € under || -+ [|s .

We need one more definition, that of the Hausdor{f metric on the space of compact
subsets of a given complete separable metric space (pp. 166-172 of Reference 4).
For two closed sets 4 and B, define the Hausdorff distance p between 4 and B as

p(A4, B) = max{sup inf d(x, y), sup inf d(x, y)} 3
xcA ye€B YEB x€A

The space R of compact subsets of the complete separable metric space X with metric d
is then itself a complete separable metric space with metric p, and R is compact
under p if X is compact under d. We then have Theorem 1.

Theorem 1. Let| - ||g be the norm on E” associated with a compact convex
symmetric set in £” with nonempty interior. Let v; be the (Lebesgue) volume of S.
If % = {U};} is any partition of E™ into sets of diameters <{e (under || -+ ||g), and J
is the set of integers j for which U; lies wholly in the cube

0<xp<L k=1l,.,n @)

where x;, is the kth coordinate in E®, then

3 m(U) log s > L [log o+ C(S) + & (1)) ©)

jeJ

where C(S) is a constant depending only on S, and g,(¢) is a function depending only
on S, such that gy(¢) — 0 as t — 0+. Also, there is an e-partition ¥~ == {V,} of the cube
(4) with

Y m(V;) 108 s = L [log - + C(S) + g, () ©)

)

where gy(¢) is a function depending only on the metric, with g,(¢) — 0 as ¢ — 0+,

The constant C(S), the entropic packing constant, is at most 1, is nonnegative,
and is zero if and only if translates of S tile E». Furthermore, C(S) is continuous in
the Hausdorff metric on the space of compact subsets of £7.
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Proof. We shall need the following known result (Reference 5, Sec. 47), a
consequence of the Briin—-Minkowski lemma:

Let S be a compact convex set in Euclidean n-space with nonempty interior.
Then the volume of S is at most the volume of [S 4 (—S5)]/2, the symmetric convex
set consisting of all (x — ¥)/2, x,y€S. Equality holds if and only if § itself is
symmetric, i.e., if and only if § = —S.

As a corollary to this result, we note that the given convex symmetric set .S has
Euclidean volume equal to or greater than that of any set B in the space of diameter
<2, with equality if and only if B differs from S by a translation. To show this,
we can assume that B is symmetric, since [B + (— B)]/2 is symmetric, has diameter at
most 2, and at least as much volume as B. Now

[x]ls<1exef
Hence, if B is symmetric, has diameter 2, and x, y € B, then

[x—ylls<2
%2 —y2]ls <1
x/2 —y/2eS
[B+ (—B)2CS
BCS

as required.

It then follows that if B is a closed convex set in Euclidean n-space of || -+ ||s
diameter at most 1, and if B has volume close to the volume of S, then B itself is close
to S. That is, the volume of the symmetric difference between some translate of B
and S must be small. This result follows from the fact that the space of closed sets
contained in some fixed sphere of Euclidean r-space is compact under the Hausdorff
metric. This fact will be used later to prove that C(S) is continuous in the Hausdorff
metric.

Let X denote the probabilistic metric space consisting of the unit cube

0 <xp <1, 1<k<n

in £, under the metric induced by || *- ||, and Lebesgue measure as its probability
distribution. We wish to consider

D(e) = HAX) — log(2"/e"vy) M

Note that
D(e) = 0, all e (®)

since, as we have seen, the maximum probability of an e-set in X is the probability
of the set $eS.

We claim that D(e) approaches a finite limit as € — 0. First, for e sufficiently
large, the diameter of X is less than e, and H(X) = 0. Hence for large €, D(e) << o0.
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Now let g be a positive integer. We cut the n-cube into ¢” equal cubes of side 1/q.
The small cubes with a uniform measure form probabilistic metric spaces X, ,
I <1< g™ Then (Reference 2, Sec. 5)

qn

1
H. (X)) < z — H ,(Xw) + log(g™)
q

=1
{(X) + log(g™)
H(X) — log(2"g"[e"vy) < HAX) — log(2"/e™vy)
or

D(e/q) < D(e) ®
This inequality shows first that D(e) < oo for all € > 0. Now for 8 > 0, choose
€ SO that
Diey) < hm mf D(e) + o (10)
For g a positive integer and €,/qg > € > /(g + 1),
D(e) = HAX) — log(2"/emw,)
Hsl/(q+1)(X ) — log(2"q"/e/"vy)
= D(&f(g + 1)) + nlogl(g + 1)/q]
By (9), we have

D(e) < D(e) + nlogllg + 1)/ql.  efg=e>eflg+1)
Hence, by (10),
hm  Sup D(e) < D(ey) < hm inf D(e) +

Letting & — 0, we see that D(e¢) has a limit as € — 0.
Let

c(S) = ll_rg D(e) (1D
and define
ga(e) = D(e) — C(S)

Then g4(0%) = 0, and Eq. (6) follows by definition for L = 1, if {V/;} is an e-partition
of entropy H.(X).

To show (6) for L 5~ 1, let {W;} be an ¢/L partition of the unit cube with entropy
H_,;(X). Then

2. m(W;) log[1l/m(W;)] = log(2"Lr[e"vy) + C(S) + gule/L)
Take V; = LW, . Then {V} is an e-partition of the cube (4). Since
m(V;) = L'm(W);)
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we have

Y m(V;) log 771(—11/5 = L» [Z m(U;) log m(lUj) -+ log Lln ]

= L"[log(2"/e"vy) 4 C(S) + go€/L)],
which is (6).
To show (5), it is similarly sufficient to take L = 1. Accordingly, let {U;} and J
be as stated in the hypotheses, and L = 1. Define

21(€) = min [0, inf

S m(U;) log };%(17,) — log—— — )] (12)

s
jer € 1/1

where the inf is taken over all e-partitions U of E™. Then (5) is satisfied. We only
need to show that g,(0t) = 0,
Suppose that € < . Then all the points of the cube
€ < Xp<1-—g¢ k=1,..,n (13)

have distance at least € from the boundary of the unit cube, and {Uj; , j € J} cover (13).
Let b be the point with coordinates (3, 1...., $), and

1
Yizﬁ‘g[Uj_b]+b
2

Then {Y;,jeJ} cover the unit cube. Let Z; be the restriction of ¥; to this cube.
As we have seen above, the right side of (6) is the e-entropy of X, for L = 1. The
sets Z; have diameters <{e/(1 — 2¢). Hence

291 — 2e)"
EnU]_

1
S m(z;)log 75 = log )+ C5) + glef(1 — 2] (14)

Again, for € << ¢, , depending only on S, each of the sets Y, has measure less than 1/e.
Since the function ¢ log (1/¢) is increasing on the interval (0, 1/e), we then have

1 1
ZJ: m(Z;) log Z) < ZJ: m(Y;) log (¥
—-n 1 —
= (1—2¢ ;m(Uj) [Iog iy 7 lesd 25)]
f 1
<1 =2 @ m(U;) log o+ nlog(1 — 26)]
Combining this inequality with (14), we obtain
1 27
2n
6"01
+ (1 — 2¢)" g[¢/(0 — 2¢)]
= gs(e)

> [(1 — 2e)» — 1] [1og + C(S) + nlog(l — 26)]
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This function gy(e) approaches zero as € — 0. By (12),

0 > gy(e) = min[0, gy(e)]
Hence

lim g(¢) = 0

To prove that C(S) is continuous in the Hausdorff metric, we start with the
following observation: Let S be a fixed compact convex set with nonempty interior,
symmetric about the origin. Then for any & > 0, there is an « > 0 such that

p(S,S) <a=({1+8WSCSCU+ S (15)

for any convex set S’ of this type.

Suppose p(S, S") < «. Then by (15), any e-partition in the S (or §’) metric is a
(1 4 8) - e-partition in the S (or S) metric. We use again the fact that the right side
of (6), for L = 1, is H{X). Denote this space in the .S metric by X’. Then, in an
obvious notation,

H{X) = log[2"/e"0i(S)] + C(S) + gi(e, S)
and since the e-partition which has this entropy is a (1 -+ §) - e-partition of X",
H{(X) 2 H.1+s(X") = log[2%/e"(1 + 8)"vy(S)] 4+ C(S") + gile(l + 8), §']

Applying the formula for H{X), we get

€(s) — €S) < log [ (1 + 8] = lell + ), 51+ &1(6,9)

Now let e — 0. We have

as) — 06s) < log [ (1 + o]

Since S' C (1 + 8)S, 1,(S) < (1 + 8)™1,(S). Hence
C(S") — C(S) < 2nlog(l + §)
The same argument applies with S and S’ interchanged. Therefore
p(S, 8) < a=|C(S) — C(S) < 2nlog(l + )

This states the continuity of C(S) in the Hausdorff metric.

We now consider the problem of when C(S) can be 0. If translates of S tile £7,
then the unit cube can be covered by translates of &S with disjoint interiors, for
arbitrarily small e. Let W = {I;} be such a covering, and W* = {¥;*} its restriction
to the unit cube. Counting only sets of W which intersect the unit cube, these lie in a
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cube of side 1 + 4eK, where K is the largest value of any coordinate in the unit
sphere || x lls << 1. Hence
0 < D(e) < ). m(W;*) logll/m(W;*)] — log(2"/e"vy)
< ), m(W;) log[1/m(W;)] — log(2"/"vy)
< [ + 4eK)* — 1] log(27/e™)

for ey, < 1fe. Taking the limit as e — 0, C(S) = 0.
Now suppose C(S) = 0. Then, for L = 1 and given e we have for the partition
V of (6)

log(2"/e"vy) < 3, m(V;) log[1/m(V)]
= log(2"/e"v;) + gxle)
Given & > 0, let K be the set of indices j for which m(V;) < (1 4 8)72 €™, . Then

Y. m(V;) log(1 + 8) < gxe) (16)

K

Let € = 1/g, g a positive integer, and partition the cube (4) into ¢ cubes C;,
1 <I<gq~, of side 1/q. Let V;; = V; n C; . Then from (16),

qQn
)y (Z M(Vm)) < g(1/g)/log(l + )
=1 \K

Hence there is an index / = r for which

> m(Vi) < g7"gs(1/g)/log(l + 8) 17

X

Suppose that C, is the cube

ap < xp <a,+ 1/q, k=1,.,n

Denote its vertex (ay ,..., a,) by a. Let

W@ = (W =gV, — a)/V;e?,j¢ K}

The sets of 7@ have diameter <{1 and measures >(1 4 8)~27"v; . By (17), the part
of the unit cube not covered by #7@ has measure at most g,(1/g)/log(l + 9).

Let ¥ @* consist of the closures of the sets of #7¢ which intersect the unit cube.
From the lower bound on the measures of these sets and the bound on their diameters,
the number of sets in # @ * is bounded, independent of g. Hence there is a number m
and a sequence {g,} of values of ¢ for which #"@* contains m sets:

w @) (W = 1, m
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where the sets are indexed in any order. Since the compact subsets of E” form a locally
compact space in the Hausdorff metric, there is a subsequence T of {g,} such that

W, = p-lim W
qeTl

exists for j = 1,..., m. It is easily shown that the W; are sets with diameters <1 and
measures >(1 + 8)12-"»; , the W; have disjoint interiors, and the part of the cube
not covered by {W,} has measure 0 = lim g,(1/g)/log(1 + o).

Thus, for each 8 > 0, there is such a collection # 5 = {W;} of closed sets
which covers the unit cube. By taking the limit on a sequence &; — 0, we get a covering
of the unit cube by closed sets with diameters <1, measures >>2"¢, , and disjoint
interiors. These sets must be translates of £S. Hence the unit cube is tiled by translates
of £S.

Similarly, starting with any L > 0, we get a tiling of the cube (4) by translates of £S.
Translate (4) and its tiling to the position with the origin centered in the cube and
multiply all coordinates by 2. Then, as L-> oo, we have a sequence of expanding
cubes whose union is E7, each tiled by translates of S. Again taking the limit appro-
priately, we get a tiling of E” by translates of S. This completes the proof that C(S) = 0
if and only if such a tiling exists.

To prove that C(S) <C 1, we use Sec. 6 of Reference 2. Let Sv; be the minimum
measure of the 2 pieces into which § is cut by the coordinates hyperplanes. Then
for small ¢, if S.,o(x) denotes the translate of %eS centered at x, interested with X,
we have

(S 5(x) = B2y, , x€eX,

while
M(Seo(x)) = 27"e"ny

except on a subset of X near the boundary of measure O(e). The above-cited reference
yields

H(X) < [ log Wﬁ%@ﬁ dm
T U log — m;Se/z(x)] dm] U 1 ;[?E[/f(ef)(]x)] dm] (18)
so that
HOO < [+ 0@ log—o— + [[1 + 01 -5 [11 + 01 2]
= log j:;l +1+o0 (e Iog%)
Then from the definition (7), we find
D(e) <1+ 0 (elog é) (19)

82z[1/1-5
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From (11) we find
cs) <1 (20)

as required. This completes the proof of Theorem 1.

Remark. The so-called ‘“deterministic case” of (7) defines a D’(e) as
D'(e) = H/(X) — log(2"/e™v,)

where H/(X) is the epsilon entropy of the compact metric space X, that is, the
minimum of the logarithm of the number of sets in an e-covering of all of X. We
can prove in the same way that

lim D'(e) = C'(S)

the deterministic packing constant of S, exists. Also, oo > C'(S) = C(S), and
C’(S) = 0 if and only if translates of S tile E™. However, it is not true that C(S) is
uniformly bounded in #. In fact, Theorem 3.2 of Reference 6 shows in effect that

CS) <1+ o)) logn
and, for S the n-ball (Theorem 8.1 of Reference 6),
C'(S) =11 — o(1)] log n

Thus, C’(S) can be arbitrarily large, even though C(S) < 1. What this means is that
compact convex symmetric sets in £” with nonempty interior pack vastly better if
one is allowed to weight sets according to their measure instead of counting how
many are necessary. For the n-ball of radius €/2, a lot of pieces of very small measure
must be used to partition the unit n-cube; if one did not have to cover everything, but
only most of the cube, a lot fewer sets would be needed. The difference

C’(S) — C(S)

is a measure of the extra packing difficulty one has in packing S when the sizes of the
additional pieces cannot be taken into account.

3. INTRODUCTION OF DIFFERENTIAL ENTROPY
We call a function f(x) defined on E, strongly integrable if fe L(E,), and its

integral is approximated by Riemann-type sums over partitions of E, of small mesh:.
f(x) is strongly integrable if for any » > 0 there is a & > 0 such that if U = {U;}
is any &-partition of E,,

|| 1) dmx) — X m(@) )| < @

where {£;} is any sequence of points with §; € U;. This condition is satisfied, for
example, if f(x) is Riemann-integrable over any bounded region in E, , and f(x) — 0
rapidly at infinity.
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We say that f(x) is strongly integrable of order « if there is a constant 4 such that
(21) is true for all sufficiently small 8, if n = A&~ This condition is satisfied, for
example, if f(x) satisfies an inequality of the form

Ifx) —f&) <Bix — x"|*"g(x), B>0

where g(x) is a strongly integrable function.
Define the differential entropy H(p) of a probability density function p on E*
as the possibly negative infinite integral

H(p) = [ plog(1/p) dm

Using this concept, the following theorem can be stated and proved.

Theorem 2. Let X = {(x;,..., X,)} be a real normed linear space of dimension
n arising from a compact convex symmetric set S with nonempty interior, together
with a Borel probability distribution p with a density p(x). If p(x) is continuous and
there is an « > 0 such that p(x) and p(x) log[1/p(x)] are strongly integrable of order «,
then

H{X) = nlog(2/e) + H(p) + log(1/v,) + C(S) + o(1) 22
as e — 0, where v, is the Lebesgue measure of S, and C(S) is the entropic packing
constant of S.

Proof. Let U = {U,} be any e-partition of X. We have
H(U) = Zf’«(Ua') log[1/u(Uj)]
= ), m(U,) p(¢;) log[1/m(U,)p(¢))]

= Y, m(U;) p(&;) logl1/p(¢,)] + 3. p(€;) m(U) log[1/m(U;)]
= Hy(U) + Hy(U), say,

where &, is the point of U; at which p(x) takes its average value in U; . By hypothesis,
there is a constant 4, such that

[HU)— Hp)l < 4, & (23)

Take § = +/¢, and partition X into coordinate cubes of side & by the hyperplanes

Xy = j8, —o0 <j << 0, k = 1,....n. For e sufficiently small, all the terms in the
series for Hy(U) are nonnegative. Let the cubes of side & be {K,}:

ww>zzm@mmmﬁ% (24)

r U;,CK,

Let p, be the minimum value of p(x) in K, . Then by Eq. (5) of Theorem 1,

Hy(U) > Y, B, 8"[log(2"/e"01) + C(S) + g:1(Ve)] (23)
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By hypothesis, there is a constant 4, such that

S 5 om — 1 l < Ayesi?

The expression in brackets in (25) is o(e/?) as € — 0. Hence
Hy(U) = log(2"/€"v,) + C(S) + g:%(¢) (26)

where g,%(e) = 0 as e > 0.

For a special choice of U, take the partition of Theorem 1 (with L = 8), together
with its translation into all the other cubes of {K,}. Then equality holds in (24), and
instead of (25) we have

Hy(U) < Y. p,* 8"[log(2%]e"vy) 4 C(S) + oV e)]

if p,* is the maximum of p(x) in K, . This leads as above to
Hy(U) < log(2*/e"vy) + C(S) + g5*(e) @7

where g,*(07) = 0.
By (23) and (26),

H(X) = nlog(2/e) + H(p) + log(1/vy) + C(S) + g1%(€) — 4ye*
Using the special partition for which (27) holds, we get
H{(X) < nlog(2/e) + H(p) + log(1/vy) + C(S) + ga(€) + Ay

Hence (22) is true. Theorem 2 is proved.

What Theorem 2 means is that the differential entropy H{p) for a nice density p is,
except for a term approaching 0 with e, the difference between the e-entropy (of the
space with metric obtained from || --- ||s and probability from p) and the logarithm
of the reciprocal of the volume of the sphere of diameter e in the norm, less a term
C(S) that measures how badly § fails to close-pack all of n-space. For S the unit
cube, H(p) is just the difference of the epsilon entropy of the space and the logarithm
of the reciprocal of the volume of a sphere of diameter « in that norm (the so-called
sup norm or L, norm). This is one explanation of the term “differential entropy.”

Counterexample. The condition that p be continuous and strongly integrable
over E, cannot be relaxed. To show this, let {p;} be the sequence given by

[ .
ST ES
where

® 1
-1 S
ct=2 iTog?G + 1)

i=1
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Let p be the indicator function of the set 4, where 4 is the union of the intervals
[i,i+ p), i > 1. Then p log(l/p) is identically zero, a fortiori strongly integrable
of order 1. And yet H(X) is infinite for ¢ > 0. This example can be modified so that
p is continuous but not strongly integrable, keeping the strong integrability of
p log(1/p).
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